Lur'e-type nonlinear control systems with uncertain parameters and constant reference inputs. Conditions for parametric absolute stability are derived, which guarantee that the system remains stable despite uncertainty of equilibrium location caused by parametric uncertainties and values of the reference input. The conditions can be tested by computing value sets using the Polygon Interval Arithmetic algorithm.
I. INTRODUCTION
Uncertain parameters in nonlinear systems can cause a shift in the equilibrium state resulting in a loss of stability or destruction of the equilibrium altogether. The concept of parametric stability [1] has been introduced to consider the joint problem of feasibility and stability of equilibria when parameters belong to a bounded uncertainty set. It is a robust stability concept, which explicitly deals with uncertainty of equilibrium location caused by uncertain values of system parameters. General conditions for parametric stability have been obtained in the context of Liapunov stability theory and subsequently applied to a Lotka-Volterra model in population dynamics [1] . A number of initial results [2] have been obtained for parametric absolute stability of Lur'e-type control systems shown in Fig. 1 , which have served as a basis for quadratic stabilization of nonlinear control systems with constant reference inputs [3] .
Typically, the uncertainty in Lur'e-type control systems has been represented by the presence of uncertain parameters in the linear part of the system, and the problem has been to show that absolute stability of the system can tolerate uncertain parameter values restricted to a bounded set in the parameter space. While some authors attempted to delineate the entire absolute stability region in the parameter space [4] - [6] , the others restricted the uncertainty bounding sets to polytopes and hyperrectangles leading to powerful vertex tests available in this context [7] - [9] . In these results, however, no effects of parametric uncertainty on the equilibrium state have been considered. They did not take the effects of reference input into account and implicitly assumed that the equilibrium location is independent of uncertain parameter values. absolute stability of the system with parametric uncertainty. Testing the obtained stability conditions is greatly simplified by applying the Polygon Interval Arithmetic (PIA) algorithm proposed in [10] .
II. A MOTIVATING EXAMPLE
We illustrate some typical effects of the values of reference inputs and parameters on equilibrium states and their stability property in Lur'e-type nonlinear systems. Let us consider a system described by _ x = Ax + b'(e); e= r 0 y; y = c(p)x (1) where x 2 R 3 is the state, e 2 R is the control error, y 2 R is the controlled output, and r is a constant reference input. In ( 
For simplicity, we consider only one parameter in c. However, the following discussion can be extended to the cases where parameters exist in A and b as well. In (2), we assume that the region of p is the interval [1; 2:05].
From (1), the equilibrium is a solution x = x e (r; p) of
Substituting (2) 
We consider two cases corresponding to different values of the reference input r. The first case is that commonly dealt with in literature. We set r = 0. Then, x e (0; p) = 0 is the unique equilibrium, and it is independent of the parameter p. We note that the control error e e (0; p) corresponding to the equilibrium is equal to zero, and ' belongs to the sector [0; 588=65] at e = e e (0; p) = 0, that is 0 e'(e) 588 65 e 2 :
Since the Popov inequality 
Since it is readily seen using the Routh test thatÃ(1:9) is not a stable matrix, x e (9:7; 1:9) is unstable. The matrix is destabilized by the increase of p(p) caused by the increase of (p), while p decreases from 2 to 1.9. This means that stability is lost due to a shift of the equilibrium x e (9:7; p) and not because of a change of the parameter p inÃ(p); equilibrium shifts can destroy stability of nonlinear systems under parametric perturbations.
III. PARAMETRIC ABSOLUTE STABILITY
Let us consider a Lur'e system S of Fig where x 2 R n ; u 2 R; and y 2 R are the state, input, output of the linear part, respectively, and e 2 R is the control error. The reference input r takes a constant value in the closed interval R = [r; r] R, and its nominal value is zero. The parameter vector p exists in a compact and simply connected region P R l . In (13), A(p); b(p); c(p) are matrices of appropriate dimensions, which continuously depend on the parameter p. We assume that for all p 2 P; A(p)
is a stable matrix.
The nonlinear function ' : R ! R is continuous and for some neighborhood E of e = 0, it satisfies 0 ẽ['(e +ẽ) 0 '(e)] k(e)ẽ 2 ;
8e 2 E; 8ẽ 2 R;
where k(e) is a positive number depending on e 2 E. This assumption is the sector condition of ' at each point e in E, and it is satisfied for an appropriate k(e) when '(e) is nondecreasing around e = 0 and it has a bounded derivative.
The total system is described as
As illustrated in the previous section, the dynamical properties of S depend on the reference input r as well as the parameter p. Thus, we treat the pair (r; p) as a parameter vector.
When the reference input r equals the nominal value zero, the nominal system
has an equilibrium state at the origin, which is independent of p 2 P.
The corresponding equilibrium of the control error e is also zero.
Therefore, under the standard sector condition
on ', the absolute stability of S 3 has been defined [11] , [12] . For r 6 = 0, however, an equilibrium state depends on the values of r and p as shown in the previous section. Therefore, at each point of the neighborhood E of the origin, we consider the sector condition (15) of ' and deal simultaneously with the existence of an equilibrium and the absolute stability under parametric perturbations in the context of parametric stability [1] .
Definition 1:
The Lur'e system S is said to be parametrically absolutely stable if for any (r; p) 2 R 2 P and any nonlinearity satisfying (15), the following conditions hold.
1) There exists a unique equilibrium state x e (r; p) of S and the corresponding control error e e (r; p) is included in E.
2) x e (r; p) is asymptotically stable in the large.
IV. EQUILIBRIUM ANALYSIS
To derive conditions for the Lur'e system S to be parametrically absolutely stable, we first consider the existence of an equilibrium state. Then, we compute the region of the corresponding control error, which is necessary for stability analysis in the next section.
For any (r; p) 2 R 2 P, equilibrium states of the system S are 
If there exists an e = e e (r; p) satisfying (22), then the first equation of (21) gives a solution x = x e (r; p) of (19). That is, the problem of the existence of x e (r; p) is reduced to that of the existence of e e (r; p). We also require the region of e e (r; p) in order to calculate the upper bound of the sector of the nonlinearity ' in stability analysis. For these reasons, we provide the following lemma. 
and
The proof of this lemma is as follows. Let us define a function 
which is derived from (15). The relation described by (28) is shown in Fig. 2 . This figure and (27) imply that solutions of (22) are the values on the e-axis at the points where the curve v = (e; p) and the line v = r cross. In the case of Fig. 2(a) , such a point always exists. On the other hand, in the case of Fig. 2(b) , such a point exists if 0(p) > 0, that is, (23) holds. Furthermore, these figures indicate that the region of e e (r; p) is given by (24). In the above discussion, we considered only the existence of an equilibrium state, and we did not mention its uniqueness, which is required by 1) in the definition of parametric absolute stability. The uniqueness of an equilibrium state is guaranteed by its global asymptotic stability, which is discussed in the next section.
V. STABILITY CONDITIONS
In this section, we first derive a condition for global asymptotic stability of an equilibrium state under the assumption that it exists. Then, combining the condition with the one given in Lemma 1, we present conditions for parametric absolute stability.
Let us consider an arbitrary pair (r; p) in R 2 P. Suppose that an equilibrium state x e (r; p) of the system S exists. Then, S is transformed to an error system 
Then, we can easily see that there exists = (r; p) satisfying (35) for every r 2 R if and only if = 0 (p) independent of r exists such that it satisfies the inequality obtained by replacing ke(r; p) with
where E e R (p) is the region containing e e (r; p) for all r 2 R and is given from Fig. 2 as
Consequently, we obtain the theorem for parametric absolute stability.
Theorem 1: Suppose that (23) holds. Furthermore, suppose that for a given region R of r and for any p 2 P, the condition E e R (p) E
is satisfied and that there exists a real number 0 = 0 (p) such that the inequality
holds. Then, the Lur'e system S is parametrically absolutely stable.
Remark 1:
The definitions of 0(p) in (25) and E e R (p) in (38) imply that R E e R (p). Hence, the condition R E is necessary for (39) to be satisfied in Theorem 1. In other words, the sector condition on the nonlinearity ' must hold, at least in the region of the reference input, when the analysis of parametric absolute stability is carried out. In many cases, the steady-state gain of the linear part is positive, 
which is independent of p. In this case, we can express the condition for parametric absolute stability as follows. 
VI. NUMERICAL EXAMPLES
In order to check each of the conditions in Theorem 1 and Corollary 1, we must ensure the existence of 0 = 0(p) for every p 2 P. In general, this is a difficult problem. However, as in the following examples, the existence of 0 which is common to all p 2 P can be graphically checked by means of the numerical methods given in [8] , [10] , [13] , although such reduced conditions are more conservative.
Example 1: Let us consider the Lur'e system S illustrated in 
The nonlinearity ' satisfies the sector condition (15) 
Hence, we can apply Corollary 1 to this system. As stated above, we graphically check the existence of a real number 0 which satisfies (42) for all p 2 P. For this purpose, we compute value sets containing the Popov plot of the linear part for all p 2 P and for each ! 2 R+. We use the Polygon Interval Arithmetic algorithm [10] and obtain Fig. 3 . We see that there exists a straight line to the left of the value sets, which crosses the real axis at the point (01=k 3 R ; 0) = (01=12; 0). Therefore, we have a real number 0 satisfying (42) for all p 2 P [12] , and we conclude that this system S is parametrically absolutely stable.
In Example 1, we used the PIA proposed in [10] . This numerical method is especially useful when the transfer function g(s; p) can be completely decomposable into the structure so-called Tree Structured Decomposition (TSD) [14] .
When both the denominator and the numerator of the transfer function g(s; p) are expressed by interval polynomial, the result in [8] is computationally effective to check condition (42). According to [8] , the existence of 0 which commonly satisfies (42) for all p 2 P is equivalent to the existence of 0 which commonly satisfies (42) for 16 specific p's in P. The following example shows such a case. 
according to [8] . Usually the number of the classes is 16, but the four classes are sufficient for this example since the parameter p consists of only two components. We show the Popov plots of the linear part for the four classes of parameter values given by (52) in Fig. 4 . This figure indicates that there exists a straight line to the left of the four Popov curves, which crosses the real axis at the point (01=k 3 R ; 0) = (00:11; 0). Therefore, we can prove the existence of a real number 0 satisfying (42) for the four classes of parameter values (52). That is, this system is parametrically absolutely stable as well.
VII. CONCLUDING REMARKS
Parametric absolute stability of single-input/single-output Lur'e systems has been considered. A natural extension of the obtained results is possible to the absolute stability analysis of multivariable Lur'e systems.
